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ABSTRACT 
This paper gives a proof of the fact that the chromatic number of an orientable 
surface of genus p is equal to the integral part of (7 + ~/1 + 48p)/2 whenever the latter 
is congruent to 4 modulo 12. 
1. INTRODUCTION 
If S~ is the closed orientable surface of genus p, the Heawood number, 
H(p), of S~ is defined by 
[. 7 -~ "V/1 + 48p ], (1) H(p) [ 2 l 
where [a] stands for the largest integer not greater than a. If x(S~) is the 
chromatic number of S~, then the Heawood conjecture is that 
x(S,) = H(p) if p > 0. (2) 
We take a moment to state that it is essential for the reader to consult [5] 
- - in particular pp. 336-343--for motivation and technique, to say 
nothing of the meanings of terms and notations used in this paper. 
Moreover, it will be helpful to read the first two sections of [4] for 
background information. 
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The Heawood conjecture has been completely confirmed (see [2]), 
the argument being in 12 cases depending upon the residue class of H(p) 
modulo 12. The case presented here was solved by the authors in 
November, 1963, but remained unpublished while study of the other 
cases continued. (An announcement of a prior index 2 solution is found 
in [1] but no details have appeared.) The fact that the problem has been 
completely solved makes it important to remove this case from the realm 
of folklore to that of published fact. 
The conjecture is considered in dual form. If Kn is the complete graph 
with n vertices, then y(Kn), the genus of Kn, is the smallest integer p such 
that K~ can be imbedded in S~. If 
I (n )= ~ (n -- 3)(n -- 4) ! for n>~3, (3) 
12 t 
where {a} is the smallest integer not less than a, then the complete graph 
conjecture is that 
y(K,~) = I(n) if n >~ 3. (4) 
In this paper we prove Case 4 of (4); that is, we prove (4) if n is of the 
form n ~ 12s + 4. This implies that the Heawood conjecture is true 
if H(p) ~ 0 modulo 12. (See [3].) 
Case 4 is one of the regular cases in that (n -- 3)(n -- 4) ~ 0 (rood 12), 
and it follows that the Euler formula does not rule out the possibility of a 
triangular imbedding of K, in some orientable surface S. If a triangular 
imbedding exists--and it is our purpose to show that such is the case by 
using the technique of quotient graphs--then ),(K~)= I(n), and the 
problem is resolved. 
2. THE SOLUTION 
Theorem 10 of [5] suggests that using G(s), defined as Z2 • Zn~+2, 
to name the vertices of K12~+~, and the ladder-like diagram of Figure l, 
with 2s vertical arcs, called rungs, and 3 singular arcs, may be suitable 
in trying to obtain a quotient graph S(G(s)/G(s)). The rotation at an 
undisplayed vertex is clockwise (counter-clockwise) if it is on the upper 
(lower) horizontal. 
I_.-._I > 
FIGURE 1 
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Notice that: 
I. each vertex is oj valence 3, and because there is an even number of 
rungs, it is easy to show that 
II. the rotations induce a single circuit. 
In order to obtain a quotient graph S(G(s)/G(s)), and hence achieve 
an index 1 triangular imbedding of K12.~+a, we must make a current 
graph of the diagram so that: 
II I. the singular arcs are assigned currents of order 2; 
IV. all the non-trivial elements of G(s) are found on the circuit; 
V. Kirchhoff's current law holds at each vertex--that is, at each vertex 
the sum of the currents flowing into the L~ertex is the identity element in G(s). 
We begin by assigning (1, 3s + 1) to the singular arc at the top left 
of the diagram, and (0, 3s + 1) to the singular arc below it. Assign (1, 0) 
to the singular arc at the right. Thus I I[  is satisfied. 
I tem IV can be satisfied by selecting any orientation on the remaining 
6s arcs and assigning currents 
(0, k), (1, k), k = 1 ..... 3s, (5) 
to them. This is so because the elements -+-g, for g in (5), together with 
(1, 0), (0, 3s + 1), and (1, 3s § 1) will then be found on the circuit and 
these are the non-trivial elements of G(s). However, V will generally fail, 
and greater care is required. 
Note that there are 2s currents 
(0, 3k), (1, 3k), k = 1 ..... s, (6) 
in (5), and the same number of rungs. This suggests that one might use 
the currents in (6) on the rungs in such a way that V holds and the currents 
on the rest of the graph exhaust he remaining elements of (5). 
Such solutions for s = I, 3, and 5 are presented in Figure 2. It is 
convenient o record only the second coordinate of a current, the first 
coordinate being represented by a heavily drawn arc if it is 1, and a 
lightly drawn arc if it is 0. The rotations are not displayed--they are 
obtained from Figure 1. 
Observe that the solutions above are completely determined if the sequence 
of multiples of 3 (recorded from left to right) and their directions are given. 
We must use, of course, the fact that (1, 3s § 1) is at the upper left and 
V must be satisfied--hence (0, 3s + 1) is at the lower left. 
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FIGURE 2 
This gives a convenient way to record the solutions. Using k for (0, 3k) 
and _k for (1, 3k), with the understanding that the current points downward 
if and only if k is preceded by a negative sign, the solutions are 
s= 1: --1, --1, 
s = 3: --3, 2, --1, --3, - - ! ,  _2, 
s= 5: --5, 4, --3, 2, --1, --_5, - - ! ,  2, --3, _4. 
For general s, if s is odd, the solution sequence is 
- - s , s - -  1, - - (s  -- 2), . "2 , - -1 , - - s , - -1 ,2 , - -3 ,  " ' " - - ( s - -2 ) , ( s - -  1). (7) 
In fact, we obtain many solutions after the pattern of (7). Simply record 
the sequence with no terms underlined. Then, for each k = 1 ..... s, 
underline one of the two k's appearing in (7). The fact that V must be 
satisfied determines both coordinates of all the currents and their 
directions. It  will be observed that the currents in (5) with second coor- 
dinate congruent o 1 modulo 3 will occur to the left of the (s + 1)-st rung, 
and those with second coordinate congruent o 2 to the right. There is 
no "mixing" of these two types of currents. However, mixed solutions are 
possible, but not as pleasing as (7). 
The solution sequence, if s is even, is entirely similar: 
--s, s - -  1, - - (s  - -  2), "'" --2, 1, --s, - -1, 2, --3, "'" s - -  2, - - ( s - -  1), (8) 
where one of the two k's is underlined for k = 1 ..... s. 
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If s 0 then (8) is vacuous, which means that the unique solution is 
as shown in Figure 3. 
FIGURE 3 
A complete quotient graph for s = 2 is found in [5, p. 344]. It is one 
of four possible solutions obtainable by selecting all possible underlinings 
in (8) with s = 2, 
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